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HOLOMORPHIC SECTIONAL CURVATURE, NEFNESS AND
MIYAOKA-YAU-TYPE INEQUALITIES
YASHAN ZHANG
Abstract. On a compact Ka¨hler manifold, we introduce an almost nonpositivity notion
for holomorphic sectional curvature, which by definition is weaker than existence of a
Ka¨hler metric with semi-negative holomorphic sectional curvature. We prove that a
compact Ka¨hler manifold of almost nonpositive holomorphic sectional curvature has nef
canonical line bundle, contains no rational curves and satisfies some Miyaoka-Yau-type
inequalities. During the discussions, we introduce a real number for any fixed Ka¨hler
class which, up to a constant factor depending only on dimension of manifold, turns out
to be an upper bound for the nef threshold.
1. Introduction
1.1. Backgrounds. Compact Ka¨hler manifolds with nef canonical line bundle (i.e. mini-
mal models) are of great importance and interest from the viewpoint of algebraic geometry
(in particular, minimal model program). In complex geometry, one of the fundamental
objects is to give geometric criterions for positivity (e.g. nefness or ampleness) of canoni-
cal line bundle. According to conjectures of S.-T. Yau, the negativity of the holomorphic
sectional curvature should closely affect the positivity of the canonical line bundle. Pre-
cisely, Yau conjectured that a compact Ka¨hler manifold (X,ω) of negative holomorphic
sectional curvature has ample canonical line bundle. This conjecture was solved in a
breakthrough of Wu-Yau [30] provided the manifold is projective (for the surface case
and threefold case, it was previously proved by B. Wong [28] and Heier-Lu-B. Wong [9],
respectively); Tosatti-Yang [24] extended Wu-Yau’s work to the Ka¨hler case and hence
proved Yau’s conjecture in full generality. Diverio-Trapani [6] and Wu-Yau [31] further
proved a compact Ka¨hler manifold (X,ω) of quasi-negative holomorphic sectional curva-
ture has ample canonical line bundle (see P. Wong-Wu-Yau [29] for the special case that
the manifold has Picard number one). One can also find a Ka¨hler-Ricci flow approach
in Nomura [16] for results of Wu-Yau [30] and Tosatti-Yang [24]. On the other hand,
thanks to Yau’s Schwarz Lemma [34], a compact Ka¨hler manifold (X,ω) of semi-negative
holomorphic sectional curvature does not contain any rational curve and hence, if X is
projective, its canonical line bundle must be nef by Mori’s Cone Theorem (see e.g. [14]);
if in general X is Ka¨hler, then its canonical line bundle is also nef, thanks to a recent
work of Tosatti-Yang [24, Theorem 1.1].
In general, for a given positivity (e.g. ampleness, nefness) of canonical line bundle, one
may naturally wonder what’s the “weakest/optimal” negativity condition on holomorphic
sectional curvature which implies the given positivity of canonical line bundle? In contrast
to the ampleness of canonical line bundle (which is equivalent to the existence of one
Ka¨hler metric with negetive Ricci curvature), the nefness of canonical line bundle is
defined by limiting a sequence of Ka¨hler classes, and hence it seems not “optimal”
Partially supported by China Postdoctoral Science Foundation Grant 2018M641053.
1
2 YASHAN ZHANG
to derive the nefness of canonical line bundle from the semi-negativity of holomorphic
sectional curvature of one Ka¨hler metric. Then it may be natural to ask:
Question 1.1. For a compact Ka¨hler manifold, can we find some natural (negativity)
properties in terms of holomorphic sectional curvature, which are weaker than the exis-
tence of a Ka¨hler metric with semi-negative holomorphic sectional curvature but can still
guarantee the nefness of canonical line bundle?
In this paper, we shall propose such a property.
1.2. An almost nonpositivity notion for holomorphic sectional curvature. We
first associate a number to a Ka¨hler class as follows.
Definition 1.2. Let X be a compact Ka¨hler manifold and α a Ka¨hler class on X . We
define a number µα for α in the following way:
µα := inf{supX Hω|ω is a Ka¨hler metric in α}.
For a compact Ka¨hler manifold (X,ω), supX Hω means the maximum of the holomor-
phic sectional curvature of ω on X . To see well-definedness of µα in the above definition,
in Section 3 we will show the following
Proposition 1.3 (=Proposition 3.5). For any Ka¨hler class α on X, we have µα > −∞.
Obviously, µα < 0 if and only if there exists a Ka¨hler metric ω ∈ α of negative holo-
morphic sectional curvature; however, we may mention that µα = 0 by definition is a
condition weaker than existence of a Ka¨hler metric ω ∈ α of semi-negative holomorphic
sectional curvature.
The number µα has some basic properties, e.g. µcα = c
−1µα for any positive constant
c, µα|Y ≤ µα for any compact complex submanifold Y of X , and µα is invariant under
biholomorphisms, namely, given a biholomorphism π : Y → X between two compact
Ka¨hler manifolds and a Ka¨hler class α on X , we have µπ∗α = µα.
Then we define an almost nonpositivivity notion for holomorphic sectional curvature
as follows.
Definition 1.4. Let (X, ωˆ) be a compact Ka¨hler manifold. We say X is of almost
nonpositive holomorphic sectional curvature if for any number ǫ > 0, there exists
a Ka¨hler class αǫ on X such that µαǫαǫ < ǫ[ωˆ] (i.e. −µαǫαǫ + ǫ[ωˆ] is a Ka¨hler class).
Remark 1.5. We remark that the almost nonpositivity notion for holomorphic sectional
curvature defined in Definition 1.4 is a notion at the level of (1, 1)-classes, not (1, 1)-
forms.
Obviously, a compact Ka¨hler manifold admitting a Ka¨hler metric with negative or
semi-negative holomorphic sectional curvature must be of almost nonpositive holomorphic
sectional curvature.
1.3. Nefness of canonical line bundle. The first main result is a generalization of
Tosatti-Yang [24, Theorem 1.1] to compact Ka¨hler manifolds of almost nonpositive holo-
morphic sectional curvature.
Theorem 1.6. A compact Ka¨hler manifold of almost nonpositive holomorphic sectional
curvature has nef canonical line bundle.
Remark 1.7. The Definition 1.4 of the almost nonpositivity for holomorphic sectional
curvature is mainly motivated by the definition of nefness of canonical line bundle (also
see Question 1.1).
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(1) Recall that, by definition, the canonical line bundle of a compact Ka¨hler manifold
is nef if c1(KX) is a limit of a sequence of Ka¨hler classes; in particular, nefness is
a positivity at the level of (1, 1)-classes, not (1, 1)-forms (compare Remark 1.5).
(2) Moreover, by Calabi-Yau theorem we know nefness of KX is equivalent to that for
any number ǫ > 0, there exists a Ka¨hler metric ωǫ such that Ric(ωǫ) < ǫωˆ, which
may be seens as an almost nonpositivity notion for Ricci curvature.
From these viewpoints, our Definition 1.4 seems a very natural corresponding property
for holomorphic sectional curvature to guarantee the nefness of the canonical line bundle,
and Theorem 1.6 in some sense says that the almost nonpositivity of holomorphic sectional
curvature implies the almost nonpositivity of Ricci curvature, providing an implicit relation
between holomorphic sectional curvature and Ricci curvature in a certainly approximate
sense.
Remark 1.8. In Theorem 1.6 we generalize Tosatti-Yang [24, Theorem 1.1] in the sense of
weakening the curvature condition on Ka¨hler manifolds. In another direction, as proposed
in [24, Remark 1.7], it is natural to generalize [30, 31, 24, 6] to Hermitian manifolds; and
there are also progresses in this direction, see [32, 22].
Our proof for Theorem 1.6 will be given in Section 4, which is based on an estimate on
lower bound for existence time of the Ka¨hler-Ricci flow in terms of the upper bound for the
holomorphic sectional curvature of the initial metric. As a byproduct of our arguments, we
also observe a lower bound for the blow up rate of the maximum of holomorphic sectional
curvature along the Ka¨hler-Ricci flow with finite-time singularities, see Proposition 4.4 in
Section 4.
1.4. µα and nef thresholds. We would like to mention that, in the course of the proofs
for Proposition 1.3 (see (3.6)) and Theorem 1.6 (see (4.7)), some interesting relations
between the number µα and the nef threshold of α are established. Recall the nef threshold
να of α is defined by να := inf{s ∈ R|2πc1(KX)+s[α] is nef}. Obviously, the nef threshold
is negative (resp. nonpositve) if and only if KX is ample (resp. nef). Then we have the
following comparisons, which may be regarded as quantitative results on aforementioned
Yau’s conjecture that the negativity of the holomorphic sectional curvature should closely
affect the positivity of the canonical line bundle.
Proposition 1.9. Let X be a compact Ka¨hler manifold of dimC = n and α an arbitrary
Ka¨hler class on X.
(1) If µα < 0, then να ≤ n+12n µα;
(2) If µα ≥ 0, then να ≤ nµα.
Note that µα < 0 implying να < 0 was exactly Yau’s conjecture proved in [30, 24]; then
item (1) here may be regarded as a quantitative version of their results.
1.5. A rigidity theorem: non-existence of rational curves. A classical result of
Yau [34] and Royden [19] proved the non-existence of rational curves on compact Ka¨hler
manifolds admitting a Ka¨hler metric with semi-negative holomorphic sectional curvature,
which may be regarded as a rigidity theorem of negatively curved manifolds. Our second
result extends this result to compact Ka¨hler manifolds of almost nonpositive holomorphic
sectional curvature.
Theorem 1.10. A compact Ka¨hler manifold of almost nonpositive holomorphic sectional
curvature does not contain any rational curves.
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Remark 1.11. On the one hand, our proof for Theorem 1.6 does not depend on Theorem
1.10; on the other hand, if X is a projective manifold or a compact Ka¨hler manifold of
dimension ≤ 3, then Cone Theorem holds [14, 12] and Theorem 1.10 implies Theorem
1.6.
Remark 1.12. There are many progresses on the structure and classification of com-
pact Ka¨hler manifolds of semi-negative holomorphic sectional curvature, see [10, 11]. In
our case, a natural question is the classification of compact Ka¨hler manifolds of almost
nonpositive sectional curvature, in which Theorem 1.10 may be useful. For example, as
a consequence of Theorem 1.10, if a smooth minimal model of general type is of almost
nonpositive sectional curvature, then it must has ample canonical line bundle, see [13,
Theorem 2] (also see [6, Lemma 2.1], [30, Lemma 5]). Moreover, by the Enriques-Kodaira
classification on compact complex surfaces (see [1, Chapter VI]), Kodaira’s table of singu-
lar fibers of minimal elliptic surfaces (see [1, Chapter V]) and Theorem 1.6, Corollary ??,
a compact Ka¨hler surface X of almost nonpositive sectional curvature must be one of the
followings: (1) complex torus or hyperelliptic surface, if kod(X) = 0; (2) minimal elliptic
surface with only singular fibers of type mI0, if kod(X) = 1; (3) Ka¨hler surface with ample
canonical line bundle, if kod(X) = 2. For Ka¨hler surfaces of semi-negative holomorphic
sectional curvature, one can find a complete structure theorem in [10, Theorem 1.10].
Our proof for Theorem 1.10, which will be given in Section 5, is achieved by using a
positive lower bound for the maximum of holomorphic sectional curvature in terms of the
existence of a rational curve. This is essentially due to Tosatti-Y.G. Zhang [25, Proposition
1.4, Remark 4.1], where they proved a similar result for holomorphic bisectional curvature.
1.6. Miyaoka-Yau-type inequalities. Finally, we observe that the Miyaoka-Yau in-
equality for Chern numbers holds on compact Ka¨hler manifolds of almost nonpositive
holomorphic sectional curvature.
Theorem 1.13. Assume X is an n-dimensional (n ≥ 2) compact Ka¨hler manifold of
almost nonpositive holomorphic sectional curvature. Then the Miyaoka-Yau inequality
holds: (
2(n+ 1)
n
c2(X)− c1(X)2
)
(−c1(X))n−2 ≥ 0. (1.1)
It is known that the above Miyaoka-Yau inequality (1.1) holds in many cases; an incom-
plete list: surfaces of general type [15, 33], KX is ample [33], minimal manifolds of general
type [27, 36, 21], minimal projective varieties of general type [7], minimal projective va-
rieties [8] and compact Ka¨hler manifolds whose c1(KX) admits a smooth semi-positive
representative [17].
Recall that for an n-dimensional compact Ka¨hler manifold X with nef canonical line
bundle KX , the numerical Kodaira dimension ν(X) of X is defined to be
ν(X) := max{k ∈ {0, ..., n}|c1(KX)k 6= [0]}.
Then if ν(X) < n−2, the conclusion in Theorem 1.13 holds trivially. To make a nontrivial
conclusion, it is natural to replace (−c1(X))n−2 by (−c1(X))ν(X) ∧ αn−ν(X)−2 for some
Ka¨hler/nef class α on X (compare e.g. [8, Theorem B]). Motivated by these, we obtain
the following result.
Theorem 1.14. Assume X is an n-dimensional compact Ka¨hler manifold (n ≥ 3) with
nef KX and the numerical Kodaira dimension ν = ν(X) < n− 2.
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(1) If there exists a Ka¨hler class α on X with µα = 0, then there holds(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−c1(X))ν · αn−ν−2 ≥ 0. (1.2)
(2) Let αi, i = 1, 2, . . . , be a sequence of Ka¨hler classes on X satisfying µαi > 0 and
µαiαi → 0 (i.e. X is of almost nonpositive holomorphioc sectional curvature). If
αi → α∞ for some nef class α∞, then there holds(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−c1(X))ν · αn−ν−2∞ ≥ 0. (1.3)
Remark 1.15. For convenience, let’s look at a special case of above results: assume
(X,ω) is a compact Ka¨hler manifold of semi-negative holomorphic sectional curvature,
then Theorem 1.13 and Theorem 1.14 (1) apply, and we have(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−c1(X))i · [ω]j ≥ 0,
where i = n− 2, j = 0 if ν ≥ n− 2, and i = ν, j = n− ν − 2 if ν < n− 2.
Our proofs for Theorems 1.13 and 1.14 will make use of Wu-Yau’s continuity equation
[30, equations (3.2)] to construct certain family of Ka¨hler metrics, see Section 6 for details.
As we mentioned before, if KX is semi-positive, i.e. the canonical class −c1(X) admits
a smooth semi-positive representative, then the Miyaoka-Yau inequality (1.1) holds on X ,
thanks to a recent work of Nomura [17, theorem 1.1]. Similar to the above Theorem 1.14,
if ν < n − 2, it seems natural to extend [17, Theorem 1.1] to certain conclusions similar
to the above inequalities (1.2) and (1.3). Here we observe a conclusion of such type under
a stronger assumption.
Theorem 1.16. Assume X is an n-dimensional compact Ka¨hler manifold (n ≥ 3) with
semi-ample canonical line bundle KX and the numerical Kodaira dimension ν = ν(X) <
n− 2. Then for any nef class α on X there holds(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−c1(X))ν · αn−ν−2 ≥ 0. (1.4)
Here we have assumed semi-ampleness of KX , which by definitions is stronger than
semi-positivity of KX , as well as nefness of KX (but the Abundance Conjecture predicts
semi-ampleness of KX is equivalent to nefness of KX). Also note that when KX is semi-
ample, the numerical Kodaira dimension ν(X) equals to the Kodaira dimension of X .
We should mention that, for a minimal projective manifold X with ν(X) < n− 2 and
an arbitrary rational Ka¨hler class α on X , the inequality (1.4) is always true, see [7,
Theorem B]; then our Theorem 1.16 may be regarded as a partial extension of this result
to the Ka¨hler case. It is natural to expect that Theorem 1.16 should be extended to any
minimal compact Ka¨hler manifold with ν(X) < n− 2.
Since a nef class is a limit of a sequence of Ka¨hler classes, to prove Theorem 1.16 it
suffices to check (1.4) for any Ka¨hler class α on X , which can be achieved by certain
arguments due to Y.G. Zhang [36] using the Ka¨hler-Ricci flow, see Section 6 for details.
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1.7. Organization. In Section 2 a very useful result of Royden will be recalled. In
Section 3 we will show that for any Ka¨hler class α, µα in Definition 1.2 is well-defined.
Theorems 1.6 and 1.10 will be proved in Sections 4 and 5, respectively; Theorems 1.13,
1.14 and 1.16 will be proved in Section 6. In Section 7, we will present several remarks
on almost nonpositive holomorphic sectional curvature. In particular we will explain why
the compact Ka¨hler manifolds of almost nonpositive holomorphic sectional curvature may
be far from admitting a Ka¨hler metric of semi-negative holomorphic sectional curvature
(see Discussion 7.3).
2. Preliminaries
We first recall a result of Royden [19, Lemma, page 552]:
Proposition 2.1. [19] Let (X, ωˆ) be a Ka¨hler manifold and κωˆ(x) := supξ∈T 1,0x X\{0}Hωˆ(x, ξ).
Then for any Ka¨hler metric ω on X we have
(1) if κωˆ(x) ≤ A for some number A > 0, then at x,
g j¯igq¯pRˆij¯pq¯ ≤ A(trωωˆ)2;
(2) if κωˆ(x) ≤ A for some number A ≤ 0, then at x,
g j¯igq¯pRˆij¯pq¯ ≤ A
n+ 1
2n
(trωωˆ)
2.
Here ω =
√−1gij¯dzi ∧ dz¯j and Rˆ is the curvature tensor of ωˆ.
Proof. For convenience we recall here a proof due to Royden. We only check item (1). It
suffices to show that, for any given point x ∈ X and ξ1, . . . , ξn a basic of T 1,0x (X) which
is orthonormal with respect to ω, there holds
∑
1≤α,β≤n
Rˆ(ξα, ξ¯α, ξβ, ξ¯β) ≤ A
( ∑
1≤α≤n
|ξα|2
)2
. (2.1)
Recall that [19, page 552] shows, if supX Hω ≤ A for any fixed A ∈ R, there holds
∑
1≤α,β≤n
Rˆ(ξα, ξ¯α, ξβ, ξ¯β) ≤ 1
2
A

( ∑
1≤α≤n
|ξα|2
)2
+
∑
1≤α≤n
|ξα|4

 . (2.2)
Therefore, when A > 0, by using an easy inequality
∑
1≤α≤n
|ξα|4 ≤
( ∑
1≤α≤n
|ξα|2
)2
,
we immediately conclude (2.1) from (2.2).
Proposition 2.1 is proved. 
Remark 2.2. Item (2) in Proposition 2.1 is very useful in solving Yau’s conjecture, see
[30, 31, 24, 6]. However, in proving our main theorems (in which we don’t assume any
pointwise sign for holomorphic sectional curvature), we will need A > 0 case, i.e. item
(1) in Proposition 2.1.
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3. µα is well-defined
In this section we show µα in Definition 1.2 is well-defined for any Ka¨hler class α on
X . To this end, we need the following
Lemma 3.1. Let X be a compact Ka¨hler manifold and χ a smooth nonpositive closed real
(1, 1)-form on X.
(1) If there exists a Ka¨hler metric ω on X such that κωˆωˆ ≤ χ on X, then 2πc1(KX)+
n+1
2n
[χ] is nef.
(2) If there exists a Ka¨hler metric ωˆ on X such that κωˆωˆ ≤ χ on X and κωˆωˆ < χ at
some point x0 ∈ X, then 2πc1(KX) + n+12n [χ] is nef and big.
(3) If there exists a Ka¨hler metric ω on X such that κωˆωˆ < χ on X, then 2πc1(KX)+
n+1
2n
[χ] is a Ka¨hler class.
Remark 3.2. These conclusions may be regarded as certainly quantitative/twisted ver-
sions of results in [30, 31, 24, 6]. Indeed, the proofs here are simple modifications of those
in [30, 31, 24, 6].
Proof. Fix a Ka¨hler metric ωˆ with κωˆωˆ ≤ χ. Consider the continuity method (which is a
twisted version of Wu-Yau’s [30, equations (3.2)])
Ric(ω(t)) = −ω(t) + n+ 1
2n
χ+ tωˆ. (3.1)
We have
∆ω(t) log trω(t)ωˆ ≥ 1
trω(t)ωˆ
(
g l¯ig j¯kgˆkl¯Rij¯ − g j¯ig l¯kRˆij¯kl¯
)
≥ 1
trω(t)ωˆ
(
g l¯ig j¯kgˆkl¯(−gij¯ +
n+ 1
2n
χij¯ + tgˆij¯)−
n+ 1
2n
κωˆ(trω(t)ωˆ)
2
)
≥ n+ 1
2n
trω(t)(χ− κωˆωˆ) + t
n
trω(t)ωˆ − 1,
where in the first inequality we have used an inequality of Yau [35], in the second in-
equality we have used the continuity equation (3.1) and Proposition 2.1(2), and in the
last inequality we have used (in which the condition χ ≤ 0 is needed)
g l¯ig j¯kgˆkl¯χij¯ ≥ (trω(t)ωˆ) · (trω(t)χ).
Set M(t) :=
n+1
2n
trω(t)(χ−κωˆωˆ)
trω(t)ωˆ
, which is a nonnegative uniformly bounded function since
0 ≤ χ− κωˆωˆ ≤ Cωˆ for some positive constant C. Then
∆ω(t) log trω(t)ωˆ ≥
(
M(t) +
t
n
)
trω(t)ωˆ − 1. (3.2)
Now, using the maximum principle arguments as in [35, 30, 24] one gets that there ex-
ists a unique smooth family of Ka¨hler metrics ω(t) for all t > 0 solving the continuity
method (3.1). Therefore, 2πc1(KX) +
n+1
2n
[χ] + t[ωˆ] is a Ka¨hler class for all t > 0, i.e.
2πc1(KX) +
n+1
2n
[χ] is a nef class. Item (1) is proved.
Next we check item (2) by simply modifying arguments in [6]. Fix a Ka¨hler metric ωˆ
on X such that κωˆωˆ ≤ χ on X and κωˆωˆ < χ at some point x0 ∈ X . By item (1) we have
a unique solution ω(t), t ∈ (0, 1], to the continuity method (3.1). Define the continuous
function M(t) on X × (0, 1] as above. We may also choose an open neighborhood U of x0
and a positive constant δ such that M(t) ≥ δ on U × (0, 1].
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Next we reduce (3.1) to a complex Monge-Ampe`re equation:
(tωˆ −Ric(ωˆ) + n+ 1
2n
χ+
√−1∂∂¯ϕ(t))n = eϕ(t)ωˆn, (3.3)
where ω(t) = tωˆ −Ric(ωˆ) + n+1
2n
χ+
√−1∂∂¯ϕ(t) is the solution to the continuity method
(3.1). By maximum principle, we see ϕ(t) is uniformly bounded from above on X× (0, 1].
Claim: there exists a time sequence ti → 0+ such that supX ϕ(ti) is uniformly bounded
from below by a finite number.
To see this claim, let’s first set ϕ˜(t) := ϕ(t)− supX ϕ(t). Note that for some fixed large
constant A ≥ 1, ϕ˜(t) is Aωˆ-plurisubharmonic function with supX ϕ˜(t) = 1 for all t > 0,
implying that for some time sequence ti → 0+, ϕ˜(ti) converges in L1-topology to an Aωˆ-
plurisubharmonic function ϕ˜0 which is not identically −∞. Then
∫
X
eϕ˜0ωˆn > 0; moreover,
since {ϕ˜0 = −∞} is a set of measure zero, we also have
∫
U
eϕ˜0ωˆn > 0. Therefore,∫
X
M(ti)ω(ti)
n∫
X
ω(ti)n
=
∫
X
M(ti)e
ϕ(ti)ωˆn∫
X
eϕ(ti)ωˆn
=
∫
X
M(ti)e
ϕ˜(ti)ωˆn∫
X
eϕ˜(ti)ωˆn
≥ δ
∫
U
eϕ˜(ti)ωˆn∫
X
eϕ˜(ti)ωˆn
→ δ
∫
U
eϕ˜0ωˆn∫
X
eϕ˜0ωˆn
> 0,
Also, obviously
∫
X
M(ti)eϕ(ti)ωˆn∫
X
eϕ(ti)ωˆn
is uniformly bounded from above. In conclusion, there exists
a constant C ≥ 1 such that for every ti there holds
C−1 ≤
∫
X
M(ti)e
ϕ(ti)ωˆn∫
X
eϕ(ti)ωˆn
≤ C. (3.4)
On the other hand, by Cauchy-Schwarz inequality, trω(t)ωˆ ≥ n
(
ωˆn
ω(t)n
) 1
n
= ne−
ϕ(t)
n , and
so
inf
X
trω(t)ωˆ ≥ ne−
supX ϕ(t)
n .
Now integrating (3.2) with respect to ω(t)n = eϕ(t)ωˆn gives∫
X
eϕ(t)ωˆn ≥
∫
X
(
M(t) +
t
n
)
trω(t)ωˆ · eϕ(t)ωˆn
≥ ne− supX ϕ(t)n ·
∫
X
M(t)eϕ(t)ωˆn,
and hence by (3.4),
e
supX ϕ(ti)
n ≥ n−1
∫
X
M(ti)e
ϕ(ti)ωˆn∫
X
eϕ(ti)ωˆn
≥ δ′
for some constant δ′ > 0. The Claim follows.
Having the above Claim, we easily conclude that, up to passing to a subsequence of
ti, ϕ(ti) converges in L
1-topology to an Aωˆ-plurisubharmonic function ϕ0 which is not
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identically −∞, and∫
X
(
2πc1(KX) +
n + 1
2n
[χ]
)n
= lim
i→∞
∫
X
ω(ti)
n = lim
i→∞
∫
X
eϕ(ti)ωˆn =
∫
X
eϕ0ωˆn > 0.
By applying [5, Theorem 0.5], item (2) follows.
For item (3), one observe that under the current assumption, there holds ω(t) ≥ δωˆ
on X × (0, 1] for some constant δ > 0 (applying the maximum principle in (3.2)), and
so by [5, Theorem 0.1] 2πc1(KX) +
n+1
2n
[χ] is a Ka¨hler class (or one can derive uniform
higher order estimates for ω(t) and then show, as t → 0, ω(t) subsequently converges to
a smooth Ka¨hler metric in the class 2πc1(KX) +
n+1
2n
[χ], see [35, 30, 31, 24]). 
Remark 3.3. Consider the equation on X :(
−Ric(ωˆ) + n+ 1
2n
χ+
√−1∂∂¯u
)n
= euωˆn. (3.5)
When 2πc1(KX) +
n+1
2n
[χ] is nef and big, it admits a unique solution u of minimal singu-
larities [2]. Set ω := −Ric(ωˆ) + n+1
2n
χ +
√−1∂∂¯u, which is a Ka¨hler current on X and a
smooth Ka¨hler metric on Amp(2πc1(KX)+
n+1
2n
[χ]) (the ample locus of 2πc1(KX)+
n+1
2n
[χ])
and satisfies
Ric(ω) = −ω + n + 1
2n
χ,
which holds on X in the current sense and on Amp(2πc1(KX) +
n+1
2n
[χ]) in the smooth
sense. Therefore, items (2) and (3) somehow indicate a quantitative relation between
holomorphic sectional curvature and Ricci curvature, i.e. “a nonpositive upper bound
for holomorphic sectional curvature” (in the sense of assumptions in items (2) and (3) of
Lemma 3.1) implies the same (up to a constant n+1
2n
) nonpositive upper bound for Ricci
curvature.
Remark 3.4. We may naturally ask: can one remove nonpositivity assumption on χ in
Lemma 3.1 and get the same conclusions (up to changing the constant factor n+1
2n
)?
Now we are ready to prove the main result in this section.
Proposition 3.5. For any Ka¨hler class α on X, µα in Definition 1.2 is well-defined, i.e.
µα > −∞.
Proof. Given a Ka¨hler class α on X , we may assume µα < 0 (otherwise, we are done). We
let να := inf{s ∈ R|2πc1(KX) + s[α] is nef}. Of course να > −∞. For any Ka¨hler metric
ω ∈ α of negative holomorphic sectional curvature, there holds κωω ≤ (supX Hω)·ω. Then
we apply Lemma 3.1(1) with χ = (supX Hω) · ω to see that 2πc1(KX) + n+12n (supX Hω) ·α
is nef, implying
sup
X
Hω ≥ 2n
n+ 1
να,
and so
µα ≥ 2n
n+ 1
να. (3.6)
This proposition is proved. 
Remark 3.6 (µαα is “uniformly bounded from below”). Let X be a compact Ka¨hler
manifold. There exists a Ka¨hler class α0 on X such that for any Ka¨hler class α, µαα+α0
is a Ka¨hler class. Namely, µαα is “uniformly bounded from below” in H
1,1(X,R). To see
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this, we may assume there exists a Ka¨hler class α of µα < 0. Then 2πc1(KX) is a Ka¨hler
class and the arguments in Proposition 3.5 imply that
µαα+
(
4πn
n+ 1
+ 1
)
c1(KX)
is a Ka¨hler class. Our claim follows.
Remark 3.7 (An alternative proof of Proposition 3.5). We have an alternative proof
for Proposition 3.5, which is somehow more direct but misses the effective comparison
(3.6). Recall a well-known result of Berger (see e.g. [37, page 189, Exercise 16]): for every
Ka¨hler metric ω ∈ α, its scalar curvature Sω satisfies∫
CP
n−1
Hω(x)ω
n−1
FS =
2
n(n+ 1)
Sω(x)
for every x ∈ X , here Hω(x) := Hω(x, ·) has been regarded as a function on CPn−1. Note
that ∫
X
Sωωn =
∫
X
nRic(ω) ∧ ωn−1 = −2πnc1(KX) · αn−1.
Combining the above two identities gives (cn is a positive constant depending only on n)
sup
X
Hω ≥ −cn · 2πc1(KX) · α
n−1
αn
,
and so
µα ≥ −cn · 2πc1(KX) · α
n−1
αn
, (3.7)
proving Proposition 3.5. We may also mention that up to the constant factor depending
on dimension of X , (3.7) is in fact implied by our above comparison (3.6), since we easily
have
να ≥ −2πc1(KX) · α
n−1
αn
.
Therefore, (3.7) can derived without using Berger’s result.
4. Nefness of canonical line bundle
To see Theorem 1.6, we first prove the following general proposition, which provides an
effective way to estimate the lower bound for existence time of the Ka¨hler-Ricci flow in
terms of the upper bound for the holomorphic sectional curvature of the initial metric.
Proposition 4.1. Let (X, ωˆ) be an n-dimensional compact Ka¨hler manifold and A =
supX Hωˆ. Assume A > 0. Then the Ka¨hler-Ricci flow running from ωˆ,{
∂tω(t) = −Ric(ω(t))
ω(0) = ωˆ,
(4.1)
exists a smooth solution on X × [0, 1
nA
).
Proof. The Ka¨hler-Ricci flow (4.1) is equivalent to the following parabolic Monge-Ampe`re
equation: 
 ∂tϕ(t) = log
(ωˆ − tRic(ωˆ) +√−1∂∂¯ϕ(t))n
ωˆn
ϕ(0) = 0,
(4.2)
HOLOMORPHIC SECTIONAL CURVATURE, NEFNESS & MIYAOKA-YAU 11
where ω(t) = ωˆ − tRic(ωˆ) +√−1∂∂¯ϕ(t) is the solution to the Ka¨hler-Ricci flow (4.1). A
direct computation gives
(∂t −∆ω(t))trω(t)ωˆ = g(t)j¯ig(t)l¯kRˆij¯kl¯ − g(t)j¯ig(t)l¯kgˆb¯a∇g(t)i gˆkb¯∇g(t)j¯ gˆaq¯
≤ g(t)j¯ig(t)l¯kRˆij¯kl¯
≤ A(trω(t)ωˆ)2, (4.3)
where we have used Proposition 2.1(1) in the last inequality.
Now we assume the Ka¨hler-Ricci flow (4.1) exists a maximal solution for t ∈ [0, T ) and
assume Proposition 4.1 fails, i.e. T < 1
nA
. Set M(t) := supX trω(t)ωˆ for t ∈ [0, T ), which
is a smooth positive function. By applying the maximum principle in (4.3) we easily have
∂tM(t) ≤ A(M(t))2.
When T < 1
nA
and t ∈ [0, T ), we have
M(t) ≤ n
1− nAt.
Set C1 :=
n
1−nAT
, which is a positive constant since by assumption T < 1
nA
. Then we have
proved that
trω(t)ωˆ ≤ C1 (4.4)
on X × [0, T ). On the other hand, from (4.2) we have
(∂t −∆ω(t))∂tϕ = −trω(t)Ric(ωˆ).
We fix a positive constant B with Ric(ωˆ) ≥ −Bωˆ, then by (4.4) we have
(∂t −∆ω(t))∂tϕ = −trω(t)Ric(ωˆ)
≤ Btrω(t)ωˆ
≤ BC1,
from which one easily concludes that
∂tϕ(t) ≤ BC1T
and so
ω(t)n ≤ eBC1T ωˆn (4.5)
on X × [0, T ). Combining (4.4) and (4.5) gives
trωˆω(t) ≤ 1
(n− 1)!
(
trω(t)ωˆ
)n−1 ω(t)n
ωˆn
≤ C
n−1
1 e
BC1T
(n− 1)! .
Therefore, we have
C−11 ωˆ ≤ ω(t) ≤
Cn−11 e
BC1T
(n− 1)! ωˆ (4.6)
on X × [0, T ) (note that C1 > n and hence C−11 < C
n−1
1 e
BC1T
(n−1)!
). Having (4.6), we can
obtain uniform higher order derivatives for ω(t) on t ∈ [0, T ) and then show, as t → T ,
ω(t)→ ω(T ) smoothly, for some Ka¨hler metric ω(T ) (see [3, 18]). Consequently, one can
solve the Ka¨hler-Ricci flow for t ∈ [0, T + ǫ), where ǫ is some positive number. This is a
contradiction, since we have assume T is the maximum existence time of (4.1). Therefore,
there must holds T ≥ 1
nA
.
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Proposition 4.1 is proved. 
Remark 4.2. The A = 0 case was proved by Nomura in [16, Proof of Theorem 1.1],
which gives a Ka¨hler-Ricci flow proof for [24, Theorem 1.1]. The above Proposition 4.1
extends Nomura’s result [16] to the general case with arbitrary positive upper bound A.
A consequence of Proposition 4.1 is the following
Proposition 4.3. Let X be an n-dimensional compact Ka¨hler manifold and α Ka¨hler
class on X of µα ≥ 0. Denote λα := sup{t > 0|α+ 2πtc1(KX) > 0}. Then
λα ≥ 1
nµα
. (4.7)
Proof. For any small ǫ > 0, we choose a Ka¨hler metric ωǫ ∈ α with supX Hωǫ ≤ µα + ǫ.
Then we consider the Ka¨hler-Ricci flow ωǫ(t) running from ωǫ on X ,{
∂tωǫ(t) = −Ric(ωǫ(t))
ωǫ(0) = ωǫ,
(4.8)
which by Proposition 4.1 has a smooth solution on [0, 1
n(µα+ǫ)
). On the other hand, recall
the Ka¨hler class along the Ka¨hler-Ricci flow (4.8) is given by
[ωǫ(t)] = α + 2πtc1(KX).
So we have
λα ≥ 1
n(µα + ǫ)
. (4.9)
Since ǫ is an arbitrary positive constant, we conclude from (4.9) that
λα ≥ 1
nµα
.
Proposition 4.3 is proved.

Now we can give a
Proof of Theorem 1.6. By Definition 1.4 we may fix a sequence of Ka¨hler classes αi, i =
1, 2, . . . , on X such that µαiαi < i
−1[ωˆ]. We may assume µαi ≥ 0 (otherwise we are done).
If there exists some i0 with µαi0 = 0, then by Proposition 4.3 we see λαi0 =∞ and hence
KX is nef. So in the following we may assume µαi > 0 for all i. Again, by Proposition
4.3 we have
λαi ≥
1
nµαi
.
In particular,
[αi] +
π
nµαi
c1(KX)
is a Ka¨hler class, or equivalently,
nµαi
π
[αi] + c1(KX)
is a Ka¨hler class. On the other hand, since 0 <
nµαi
π
αi <
n
πi
[ωˆ], we easily have that
c1(KX) = lim
i→∞
(nµαi
π
[αi] + c1(KX)
)
,
which by definition means KX is nef.
Theorem 1.6 is proved. 
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We finish this section by discussing a byproduct of Proposition 4.1. The arguments for
Proposition 4.1 in fact prove the following:
Proposition 4.4. Let X be an n-dimensional compact Ka¨hler manifold and ω(t) a solu-
tion to the Ka¨hler-Ricci flow (4.1) on the maximal time interval [0, T ). Assume T <∞.
Then for every t ∈ [0, T ) we have
(T − t) sup
X
Hω(t) ≥ 1
n
.
Proof. Note that by the maximal existence time theorem for the Ka¨hler-Ricci flow [3, 26,
23], the assumption T < ∞ implies KX is not nef, and hence by Theorem 1.6 (or [24,
Theorem 1.1]) supX Hω(t) > 0 for every t ∈ [0, T ). Next, for any fixed t0 ∈ [0, T ), we have
a Ka¨hler-Ricci flow ω(t+ t0) with the maximal time interval [0, T − t0) (here we have used
again the maximal existence time theorem for the Ka¨hler-Ricci flow [3, 26, 23]). Then
applying Proposition 4.1 gives
T − t0 ≥ 1
n · supX Hω(t0)
,
or equivalently,
(T − t0) sup
X
Hω(t0) ≥
1
n
.
Proposition 4.4 is proved. 
Remark 4.5. In the setting of Proposition 4.4, applying a general fact of the Ricci flow
[4, Lemma 8.6] gives
(T − t) sup
X
|Rm(ω(t))| ≥ 1
4
, (4.10)
which is proved by using the evolution equation of |Rm| and the maximum principle
(see [4, Lemma 8.6] for details). On the one hand, our Proposition 4.4 implies (T −
t) supX |Rm(ω(t))| ≥ 1n and hence provides an alternative arguments for the above (4.10)
in the Ka¨hler-Ricci flow category (but the lower bound 1
n
is less optimal when n ≥ 5);
on the other hand, Proposition 4.4 can be regarded as an improvement of (4.10) in the
Ka¨hler-Ricci flow category.
5. non-existence of rational curves
To prove Theorem 1.10, we need the following
Proposition 5.1. If (X,ω) is a compact Ka¨hler manifold containing a rational curve C,
then
sup
X
Hω ≥ π
32
∫
C
ω
.
This is essentially due to Tosatti-Y.G. Zhang [25, Proposition 1.4, Remark 4.1], where
they proved a similar result for the maximum of holomorphic bisectional curvature.
Proof. For convenience, we present some details by following an almost identical argument
given in Tosatti-Y.G. Zhang [25, page 2939], the only modification is replacing Yau’s
Schwarz lemma [34] by the one of Royden given in Proposition 2.1(1).
Set A = supX Hω. Firstly, since there exists a rational curve, by Yau’s Schwarz Lemma
[34] we know A > 0. The existence of a rational curve C in X also implies a non-constant
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holomorphic map f : C→ X . Let ωC be the Euclidean metric on C. By applying a direct
computation and Proposition 2.1(1) one has
∆ωC(trωCf
∗ω) ≥ −A(trωCf ∗ω)2. (5.1)
on C. Having (5.1), one can apply the identical arguments in [25, page 2939] to complete
the proof.
Proposition 5.1 is proved. 
We are ready to give a
Proof of Theorem 1.10. We prove Theorem 1.10 by contradiction. Assume Theorem 1.10
fails, i.e. there exists a rational curve C in X . Then we apply Proposition 5.1 with any
Ka¨hler class α and any Ka¨hler metric ω ∈ α to see that
π
32
∫
C
α
=
π
32
∫
C
ω
≤ sup
X
Hω,
and hence
π
32
∫
C
α
≤ µα,
i.e. ∫
C
µαα ≥ π
32
. (5.2)
However, by Definition 1.4 we may fix a sequence of Ka¨hler classes αi, i = 1, 2, . . . , on X
such that µαiαi < i
−1[ωˆ], and so we easily have that
lim sup
i→∞
(∫
C
µαiαi
)
≤ 0. (5.3)
By combining (5.2) and (5.3), we obtain a contradiction.
Theorem 1.10 is proved. 
6. Miyaoka-Yau-type inequalities
In this section, we first prove Theorem 1.13.
Proof of Theorem 1.13. Note that, in view of Remark 1.12 and Yau’s result [33], we only
need to prove the case that X satisfies
∫
X
c1(KX)
n = 0, i.e. KX is not big.
By Definition 1.4 we may fix a sequence of Ka¨hler classes αi, i = 1, 2, . . . , on X such
that µαiαi < i
−1[ωˆ]. We may assume µαi ≥ 0 for all i.
By the curvature tensor decomposition and Chern-Weil theory (see [36, page 2752-
2753]; also see [21, page 96] or [17, Proposition 2.1]), we have, for any Ka¨hler metric ω
on X ,(
2(n+ 1)
n
c2(X)− c1(X)2
)
· [ω]n−2 ≥ − n+ 2
4π2n2(n− 1)
∫
X
|Ric(ω) + ω|2ωωn. (6.1)
Therefore, to prove Theorem 1.13, it suffices to construct a family of Ka¨hler metrics ω˜i
on X satisfying both of the followings as i→∞:
(1) [ω˜i]→ 2πc1(KX);
(2)
∫
X
|Ric(ω˜i) + ω˜i|2ω˜iω˜ni → 0.
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We now use Wu-Yau’s continuity equation: for any given Ka¨hler metric ωi ∈ αi, consider
Ric(ωi(t)) = −ωi(t) + tωi. (6.2)
By using Yau’s theorem [35] and Proposition 4.3 one easily sees that (6.2) has a smooth
solution ωi(t) for t ∈ (nµαi ,∞) (in fact, by Theorem 1.6 the solution exists for t ∈ (0,∞)).
Moreover, by Proposition 2.1 and arguments in [24, Section 2] we know, for any ǫ > 0, if
we choose ωi ∈ αi with supX Hωi ≤ µαi + ǫ, then the solution ωi(t) to (6.2) satisfies
trωi(nµαi+2nǫ)ωi ≤
1
ǫ
, (6.3)
which in particular implies
|ωi|2ωi(nµαi+2nǫ) ≤
n
ǫ2
. (6.4)
We separate discussions into two cases:
Case (1): there exists some i0 with µαi0 = 0. In this case, we choose a family of Ka¨hler
metrics ωi0,ǫ ∈ αi0 with supX Hωi0,ǫ ≤ ǫ and set ω˜ǫ := ωi0,ǫ(2nǫ), where ωi0,ǫ(t) is the
solution to
Ric(ωi0,ǫ(t)) = −ωi0,ǫ(t) + tωi0,ǫ. (6.5)
Obviously, [ω˜ǫ] = 2πc1(KX) + 2nǫ[αi0 ]→ 2πc1(KX) as ǫ→ 0. Moreover, since Ric(ω˜ǫ) +
ω˜ǫ = 2nǫωi0,ǫ and (6.4) means |ωi0,ǫ|2ω˜ǫ ≤ nǫ2 , we have∫
X
|Ric(ω˜ǫ) + ω˜ǫ|2ω˜ǫω˜nǫ =
∫
X
|2nǫωi0,ǫ|2ω˜ǫω˜nǫ
≤ 4n3
∫
X
ω˜nǫ
→ 4n3(2π)n
∫
X
c1(KX)
n
= 0 (6.6)
Case (2): µαi > 0 for every i. In this case, we choose ωi ∈ αi with supX Hωi ≤ 2µαi
and set ω˜i := ωi(3nµαi). Then by the Definition 1.4 of Property (A) [ω˜i] = 2πc1(KX) +
3nµαiαi → 2πc1(KX) as i → ∞. Moreover, (6.4) means |ωi|2ω˜i ≤ nµ2αi , and hence, as
i→∞,
∫
X
|Ric(ω˜i) + ω˜i|2ω˜iω˜ni =
∫
X
|3nµαiωi|2ω˜iω˜ni
≤ 9n3
∫
X
ω˜ni
→ 9n3(2π)n
∫
X
c1(KX)
n
= 0 (6.7)
Combining Cases (1) and (2), we have proved Theorem 1.13.

Next, we give a proof for Theorem 1.14.
Proof of Theorem 1.14. Let’s first look at the item (1), so we have a Ka¨hler class α with
µα = 0. Then by the same arguments in above proof for Theorem 1.13, we can construct
a sequence of Ka¨hler metric ω˜ǫ for ǫ > 0 satisfying
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(1) [ω˜ǫ] = 2πc1(KX) + 2nǫα;
(2)
∫
X
|Ric(ω˜ǫ) + ω˜ǫ|2ω˜ǫω˜nǫ ≤ 4n3
∫
X
ω˜nǫ
Observe that, when ν < n− 2,
1
ǫn−ν−2
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· [ω˜ǫ]n−2
=
1
ǫn−ν−2
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−2πc1(X) + 2nǫα)n−2
=
1
ǫn−ν−2
(
2(n+ 1)
n
c2(X)− c1(X)2
)
·
(
ν∑
k=0
(
n− 2
k
)
(2π)k(2nǫ)n−k−2(−c1(X))k · αn−k−2
)
→
(
n− 2
ν
)
(2π)ν(2n)n−ν−2
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−c1(X))k · αn−k−2, (6.8)
as ǫ→ 0. On the other hand,
1
ǫn−ν−2
∫
X
|Ric(ω˜ǫ) + ω˜ǫ|2ω˜ǫω˜nǫ
≤ 4n
3
ǫn−ν−2
∫
X
ω˜nǫ
=
4n3
ǫn−ν−2
∫
X
ν∑
k=0
(
n
k
)
(2π)k(2n)n−kǫn−k(−c1(X))k ∧ αn−k
≤ Cǫ2 → 0, (6.9)
as ǫ→ 0. Plugging (6.8) and (6.9) into (6.1) gives the desired result (1.2).
Next we look at the item (2). Obviously, we only need to discuss the case α∞ 6= [0].
When α∞ 6= [0], we must have µαi → 0 as i→∞. By the same arguments in above proof
for Theorem 1.13, for ǫ > 0 we can construct a sequence of Ka¨hler metric ω˜i satisfying
(1) [ω˜i] = 2πc1(KX) + 3nµαiαi;
(2)
∫
X
|Ric(ω˜i) + ω˜i|2ω˜ǫω˜ni ≤ 9n3
∫
X
ω˜ni
Similar to the item (1), we can show that, as i→∞,
1
µn−ν−2αi
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· [ω˜i]n−2
→
(
n− 2
ν
)
(2π)ν(3n)n−ν−2
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−c1(X))k · αn−k−2∞ , (6.10)
and
1
µn−ν−2αi
∫
X
|Ric(ω˜i) + ω˜i|2ω˜iω˜ni
≤ Cµ2αi → 0. (6.11)
Plugging (6.10) and (6.11) into (6.1) gives the desired result (1.3).
Theorem 1.14 is proved. 
Finally, we give a
Proof of Theorem 1.16. We may assume without loss of any generality that α is a Ka¨hler
class on X . The proof we discuss here is a simple modification of arguments in Y.G.
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Zhang [36] (also see [17]). For an arbitrary Ka¨hler class α on X and a Ka¨hler metric
ω0 ∈ α, we consider the Ka¨hler-Ricci flow ω = ω(t)t∈[0,∞) running from ω0:{
∂tω(t) = −Ric(ω(t))− ω(t)
ω(0) = ω0,
along which the Ka¨hler class satisfies [ω(t)] = −2π(1 − e−t)c1(X) + e−tα. Note that, as
in the above proof for Theorem 1.14, we easily have, as t→∞,
e(n−ν−2)t
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· [ω(t)]n−2
e(n−ν−2)t
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−(1 − e−t)2πc1(X) + e−tα)n−2
→
(
n− 2
ν
)
(2π)ν
(
2(n+ 1)
n
c2(X)− c1(X)2
)
· (−c1(X))ν · αn−ν−2, (6.12)
Then, to complete the proof we make the following
Claim: as t→∞ there holds
e(n−ν−2)t
∫
X
|Ric(ω(t)) + ω(t)|2ω(t)ω(t)n → 0. (6.13)
To see this, we need the followings:
∂tω(t)
n = −(S(t) + n)ω(t)n,
∂tS(t) = ∆ω(t)S(t) + |Ric(ω(t)) + ω(t)|2ω(t) − (S(t) + n).
By calculations in [36], we have∫
X
|Ric(ω(t)) + ω(t)|2ω(t)ω(t)n
=
∫
X
(∂tS(t))ω(t)
n +
∫
X
(S(t) + n)ω(t)n
= ∂t
(∫
X
S(t)ω(t)n
)
+
∫
X
(S(t) + 1)(S(t) + n)ω(t)n,
and so
e(n−ν−2)t
∫
X
|Ric(ω(t)) + ω(t)|2ω(t)ω(t)n
= e(n−ν−2)t∂t
(∫
X
S(t)ω(t)n
)
+ e(n−ν−2)t
∫
X
(S(t) + 1)(S(t) + n)ω(t)n
= ∂t
(
e(n−ν−2)t
∫
X
S(t)ω(t)n
)
+ e(n−ν−2)t
∫
X
(S(t)2 + (ν + 3)S(t) + n)ω(t)n. (6.14)
Set L(t) := e(n−ν−2)t
∫
X
S(t)ω(t)n. By direct computation we have
L(t) = e(n−ν−2)t
∫
X
S(t)ω(t)n
= ne(n−ν−2)t(2πc1) · (−2π(1− e−t)c1(X) + e−tα)n−1
=
ν−1∑
k=0
Ak(1− e−t)ke(k−ν−1)t,
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where Ak’s are some constant only depending on c1(X), α, n and k, and hence we can find
a positive constant C such that
L(t) ≤ Ce−2t. (6.15)
and
∂tL(t) ≤ Ce−2t. (6.16)
Using (6.15) and the easy fact [ω(t)]n ≤ Ce−(n−v)t, we see that the second term in (6.14)
satisfies
e(n−ν−2)t
∫
X
(S(t)2 + (ν + 3)S(t) + n)ω(t)n
= e(n−ν−2)t
∫
X
S(t)2ω(t)n + (ν + 3)L(t) + ne(n−ν−2)[ω(t)]n
≤ e(n−ν−2)t
∫
X
S(t)2ω(t)n + C2e
−2t,
where C is some uniform positive constant.
Now recall a result of Song-Tian [20] that the scalar curvature S(t) is uniformly bounded
on X × [0,∞) when KX is semi-ample (this is the only place using the semi-ampleness of
KX), and so
e(n−ν−2)t
∫
X
(S(t)2 + (ν + 3)S(t) + n)ω(t)n
≤ Ce(n−ν−2)t
∫
X
ω(t)n + Ce−2t
≤ Ce−2t (6.17)
Plugging (6.16) and (6.17) into (6.14) gives
e(n−ν−2)t
∫
X
|Ric(ω(t)) + ω(t)|2ω(t)ω(t)n ≤ Ce−2t,
which completes the proof of Claim.
Now the (1.4) follows by plugging (6.12) and (6.13) into (6.1).
Theorem 1.16 is proved. 
7. Remarks on the almost nonpositive holomorphic sectional curvature
In this section, we shall make some more remarks on the almost nonpositive holomor-
phic sectional curvature introduced in Definition 1.4. Let’s begin with the following one,
which directly follows from the well-known decreasing property of holomorphic sectional
curvature on submanifolds.
Proposition 7.1. Let X be a compact Ka¨hler manifold of almost nonpositive holomorphic
sectional curvature and Y a compact complex submanifold of X. Then Y is also of almost
nonpositive holomorphic sectional curvature.
Having Proposition 7.1, all the conclusions in Theorems 1.6, 1.10 and 1.13 hold for
every compact complex submanifold of X , provided X is of almost nonpositive holomor-
phic sectional curvature. For example, as in [30, Corollary] and [24, Remark 1.5], we
can conclude that if X is a compact Ka¨hler manifold of almost nonpositive holomorphic
sectional curvature, then every compact complex submanifold of X has nef canonical line
bundle.
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Next we observe that the almost nonpositive holomorphic sectional curvature is pre-
served under the product of Ka¨hler manifolds.
Proposition 7.2. Let X, Y be two compact Ka¨hler manifolds and Z := X×Y the product
manifold with the product complex structure. If both X and Y are of almost nonpositive
holomorphic sectional curvature, then Z is also of almost nonpositive holomorphic sec-
tional curvature.
Proof. To complete the proof, we need the following
Claim: Given a Ka¨hler metric ω on X and a Ka¨hler metric η on Y , if we choose two
positive constants A1 and A2 satisfying supX Hω ≤ A1 and supY Hη ≤ A2, then the product
Ka¨hler metric χ := ω + η on Z satisfies supZ Hχ ≤ A1 + A2.
This Claim can be easily checked by using the definition of holomorphic sectional cur-
vature and the product structure; so we omit the details here.
By assumption, we fix a sequence of Ka¨hler classes αi on X and βi on Y such that
0 ≤ µαiαi → 0 and 0 ≤ µβiβi → 0. We separate discussions into three cases as follows:
Case 1: there exist a Ka¨hler class α on X with µα = 0 and a Ka¨hler class β on Y with
µβ = 0. In this case we have µα+β ≤ 0. Indeed, for any ǫ > 0 we choose Ka¨hler metrics
ωǫ ∈ α and ηǫ ∈ β such that supX Hωǫ ≤ ǫ and supY Hηǫ ≤ ǫ, and define χǫ := ωǫ + ηǫ
be the product Ka¨hler metric on Z. By the above Claim we have supZ Hχǫ ≤ 2ǫ, and so
µα+β ≤ 0.
Case 2: there exists a Ka¨hler class α on X with µα = 0 and µβi > 0 for every i. For a
fixed sequence of positive numbers ǫi with ǫi → 0, we can choose Ka¨hler metrics ωi ∈ α
with supX Hωi ≤ ǫi. Next we set β˜i := µβiǫi βi, which is a sequence of Ka¨hler metrics on Y
with µβ˜i = ǫi. Notice that ǫiβ˜i = µβ˜iβ˜i = µβiβi → 0. Now we choose for every i a Ka¨hler
metric ηi ∈ β˜i with supY Hηi ≤ 2ǫi and define Ka¨hler metrics χi := ωi + ηi on Z. By the
above Claim we know supZ Hχi ≤ 3ǫi, and hence
µα+β˜i(α + β˜i) ≤ 3ǫi(α + β˜i)→ 0.
Case 3: µαi > 0 and µβi > 0 for every i. Similar to Case 2, we may define a sequence
of Ka¨hler classes on Y by β˜i :=
µβi
µαi
βi, which satisfies µβ˜i = µαi and µαi β˜i = µβ˜iβ˜i =
µβiβi → 0. Also we can choose Ka¨hler metrics ωi ∈ αi and ηi ∈ β˜i with supX Hωi ≤ 2µαi
and supY Hηi ≤ 2µβ˜i = 2µαi. Therefore,
µαi+β˜i(αi + β˜i) ≤ 4µαi(αi + β˜i)→ 0.
Proposition 7.2 is proved. 
Discussion 7.3. SetMn1 be the space of n-dimensional compact Ka¨hler manifolds admit-
ting a Ka¨hler metric with semi-negative holomorphic sectional curvature, Mn2 the space
of n-dimensional compact Ka¨hler manifolds admitting a Ka¨hler class α with µα = 0, and
Mn3 the space of n-dimensional compact Ka¨hler manifolds of almost nonpositive holomor-
phic sectional curvature. Obviously we have the inclusions Mn1 ⊂ Mn2 ⊂ Mn3 . We may
have a natural question that are these inclusions strict? Let’s look at the first inclusion
Mn1 ⊂ Mn2 . For an arbitrary X ∈ Mn2 , we fix a Ka¨hler class α with µα = 0 and a
sequence of Ka¨hler metrics ωi ∈ α with supX Hωi ≤ i−1. A natural approach to check
X ∈ Mn1 is to prove that ωi converges to a Ka¨hler metric ω∞ ∈ α smoothly (or in C2).
If this can be carried out, then easily we have Hω∞ ≤ 0 and hence X ∈Mn1 . However, it
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seems unclear how to obtain uniform higher order estimates for ωi (in part because ωi’s
do not satisfy any geometric equations) and hence hard to get the smooth convergence of
ωi. In general, ωi may blowup or degenerate as i → ∞. More generally, if we consider
an arbitrary X ∈ Mn3 and fix a sequence of Ka¨hler classes αi with µαiαi → 0, then even
the Ka¨hler classes αi may go to the boundary of the Ka¨hler cone of X (and so it is im-
possible to get smooth convergences to a Ka¨hler metric from the family of Ka¨hler metrics
ωi ∈ αi). From this viewpoint, it seems that a compact Ka¨hler manifold of almost
nonpositive holomorphic sectional curvature is in general far from admit-
ting a Ka¨hler metric with semi-negative holomorphic sectional curvature.
Unfortunately, at the moment we don’t have any examples of compact Ka¨hler manifolds
in Mn3 \ Mn1 . Along this line we have some natural interesting problems, e.g. (1) find
examples of compact Ka¨hler manifolds in Mn3 \Mn1 ; (2) given an X ∈Mn3 , find charac-
terizations on X such that X ∈ Mn1 ; more restrictly, for a given X ∈ Mn2 and a Ka¨hler
class α on X with µα = 0, find certain characterizations on (X,α) such that there exists
a Ka¨hler metric ω ∈ α with Hω ≤ 0. Such metric ω, if exists, may be naturally called an
HSC-extremal metric in α, and may be considered as a canonical/good metric in α.
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